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Homework for March 3

» Download the Excel workbook from the
course web site for the sample
convection problem with Pe_,, = 1.25
— Shows results for Central and Upwind on

separate worksheets

» Add similar worksheets to get results for

Hybrid, Power Law, and QUICK

» Add error results for these algorithms to
the error chart

« Any questions?
Northridge

Outline

» Review finite-volume convection
— Central, upwind, power law, QUICK, TVD
« False diffusion
» Solving the Navier-Stokes Equations
— Approaches
— Grids

— Pressure terms and the need for staggered
grids
— Derivation of momentum equations
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Review Algorithm Properties

» Conservative schemes — conserve
properties in finite difference equations
— Requires exit flux from one face to be

same as input flux in adjacent cell

» Transportive schemes — have correct
balance between diffusion and
convection

» Accuracy — need schemes that have a
good truncation error
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Review Algorithm Properties |l

« Limit on coefficient magnitude for
iteration schemes (boundedness)

— Absolute value of diagonal coefficient must
be greater than the sum of absolute values
of all other coefficients

« For simple equations here |ap| 2 |ag| + |ay|

— Deferred correction separates coefficients

into two parts
» Adjustment leaves |ap| = |ag| + [ay]

* Places part removed from adjusted coefficients
into source term
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Review Convection Terms

ME 692 — Computational Fluid Dynamics

+ Steady equation with

convection and diffusion dpue =ird—(p

terms in one dimension dx  dx
+ Steady continuity dpu _,

equation in one dimension dx

 Apply finite volume approach to
integrate small volume

Idz%dv =j%r%dv j%{”dv -0
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Review Integrated PDE

« Constant area result
— Define F = pu and D = I'/6x

Fe@e — Fyow = De((PE _(PP)_ Dw((PP _(P\N)

+ Different approaches for ¢, and ¢,

— Central difference, upwind, hybrid, power-

law, QUICK, TVD
— All get relations among neighbor nodes
» Three nodes for all but QUICK
ay Pw —apPp +agpg =0

o _:_Special treatment for boundary nodes
Northridge

Review Example Problem

* Constantp, u,and I' with ¢ = ¢y atx =0
and o =¢ atx=L

doup _d o _ pude_ddo
dx dx dx ' dx dx dx
» Exact solution below with plot on next
slide
oX)-00 EPT“X ., Pe = pul/l
oL -9 T puL Pe g, = pudx/T" = F/D
el -1

Northridge

Exact Solution

Pe =-10
—Pe=-5
—Pe=-2

Pe=-1
—Pe=1
—Pe=2
—Pe=5
—Pe=10

0 01 02 03 04 05 06 07 08 09 1

X

Review Central Difference

* Here 68X, pu and I" are constants
-F,=F,=pu=F D,=D,=I/8x=D

D D
3y Py —apPp +apPg =(F +EJ(P\N —-2F¢p +[F _Ej(pE =0

|
left 1 2 3 4 5 6 right
» Boundary conditionsatx=0and x =1L

—(§+3DJ(P1 +(D —';j(Pz =—(F +2D)pjef

F F
(D“'EJ(PN—Z _(3D_5J(PN—1 =—(2D = F )pyignt
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Review Upwind Differences

wWoow P e E
» Computational formulas
ay =D, +max(F,.,0) ag =D, +max(-F;,0)
ap :aE +a\N +Fe_FW
* Left boundary  a, =2D,, +max(F,.0)
_(aE +ay +F - Fw)‘PP +AEPE =~y Pieft
* Right boundary ag =2D, + max(-F,,0)
Ay Gw —(aE +ay ++F - Fw)‘PP = _aE(Pright

ak .’:r;lﬁ:lll-l‘:unw'_-
Northridge
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Review Hybrid Difference
» Computational Formulas

w2 0,1 0] e 0112
ap=ag +ay +F—-F,
« Left boundary ay =max[2D,.(2D, +F,)]
_(aE +ay +Fe - Fw)‘PP +aEPE =~y Ojeft
* Right boundary ag = max[2D,, (2D, - F, )]

Ay Py _(a:Z +ay +F— Fw)‘PP = _aE(Pright

ak .’:r;lﬁ:lll-l‘:unw'.- 12
Northridge
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Review Power Law
« Computations ap =ag +ay +F -F,
ay =Dy maxlO, (1—‘Pew‘5)l+ max[FW,O] Pe, = Fy/Dy

ag =D, max[O, (1—\Pee\5)]+ max[-F,,0]  Pe, =F,/D,
* Left boundary: get a*, with D*, = 2D,

_(aE +a\7v +F - FW}PP +agQg = _a\;kv(Pleﬁ
* Right boundary : get a*; with D*, = 2D,

Ay Pw _(aE +ay +F— Fw}PP = —Ag Pright

Northridge

Review QUICK I

» Boundary formulas (derivation in text)
—Assume F.>0andF, >0

First node ay =(§DW+%FG+FW) ag =[De+%DW—§FEJ
from left " .
_(aE +tay +F— Fw)@’l +aApQ) = —Ay Peft

Second node ajy = ¢ ay :[DW+ZFW+EJ ag =D, ->F,
from left 4 . 8 8 . 8
By Py _(E\N +ag +ayw + Fe—Fw)% +apQ3 = Ay Preft

Last node aWW:i aN:(DW‘F&‘FﬁJ 2z =2D,-F,
on right ? L3 8 )ﬁp &

By P - A Pn-2 ~ B + aw +aw + Fe —Fu fon- = —awon
L Northridge

March 1, 2010

Review QUICK

¢ QUICK formulas for central node P
involve five nodes instead of three

WW ww W w P e E ee EE
aww Pww +aw Pw —apPp +ag Qg +agePeg =0

601y, Fyy +3(1— oty )JFyy + 0 F, ayF
=D + wiw w/"w e'e —_Zwiw
Ay w 3 Qww 3
ag =D, — 3aeF, +6(1_0‘98)Fe +(1- 0 )Ry age = (1_0;e)':e
_ a,=1ifF,>0anda,=1ifF,>0
Northridge ow=0ifF,<0Oanda,=0ifF,<0 "
Review TVD Algorithms

 Total Variation Diminishing schemes

— Designed to maintain both accuracy and
stability with no unphysical “wiggles”

— Consider set of different differencing
schemes for ¢, with positive u velocity

— Work originated in transient gas dynamics

— Later modifications to general CFD

— Based on use of limiter functions that are
applied to conventional formulas

— Deferred correction required in iteration

Ni)"l;'i'liriii"ﬁé

Review TVD Algorithms |l

* General form is ¢, = ¢p + Correction

» Correction can always be written as a
correction (y/2) times ¢g — ¢p

+ Correction function y depends on (¢p —
dw)/(dg — dp) =T
= e = dp + W(r)(de — 0p)2

» For second-order accuracy and TVD
—ForO<r=s1,r<y(r)<2r
—For1z2r=z2,1sy(r)sr
—Forr>2,1<y(r)<2

Calbiforni State University

Northridge

Convection Schemes

—UuD
3 —r

,,,,,,, —LUD
——————— ——<F-- QuICK
5 | —cCD

w () Second-
2 e i order

1 TVD

Area
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TVD Flux Limiters
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False Diffusion

Van Leer

|—van Albad

min-mod
SUPERBE
UMIST

» Upwind differencing causes errors
similar to having a “diffusion” coefficient
that is too large

» Causes smearing of results

» Especially noticeable in flows with sharp
gradients and shock waves

» Effect is reduced if flow is aligned with
grid (not always possible to do this)

« Different from artifical diffusion

20
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Navier-Stokes Equations

+ Continuity and x-momentum
op Gpu 0pv é‘pw

a oy a

y-momentum Equation

6ﬂ+apuv+6pvv+awv_
ot OX oy oz
apaavaavaav o~
—+—pu—+—pu—+S
ay ax ox oy oy oz oz
8 au 0 av
(V) pB
Ay 6y 8y
a aw 0
(K—ﬂ)A}
r ay[

22

'ﬂ{')"l:ﬁ'i'rulge

“a Tyt y e

S™ = pB, +Qu@ Q ov
ox' oz 8y oz

0 6w 0 2
—= A
62 az oz [( ) }

Cabifoenia State Lnive
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+

aﬂ+6puu+8pvu+8wu_
ot ox oy oz
(P 0, 0u 0 du 8 du
oX ax OX 8y ay 6 6
W _ 0,094,090,V 0 0w Ol 2
S e Ty o T 6x+6x{(’( 3“)4
Northridge =
z-momentum Equation
6p\N+6pUW+6pVW+6WW:
ot ox oy oz
oP 0 Ow g/j@ﬂ g ow L5
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Navier-Stokes Equations
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» Continuity and momentum equations

» Up to now we have been assuming that
the velocity field was known and we
could find the general variable, ¢

» This background is necessary for
solving Navier-Stokes, but now we have
to solve for ¢ = u, v, and w

+ This gives a set of nonlinear equations
(e.g., up becomes uu for x-momentum)

24
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Navier-Stokes Equations ||
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» Have to find way to solve nonlinear
equations

 Basic approach requires “outer” iteration
process
— Assume values for u, v, and w

— Use these values to compute the convec-
tion/diffusion coefficients ag, ay, etc.

— Solve finite difference forms of the Navier-
Stokes equations for new values of u, v,
and w using these “old” ag, ay, etc.

Calfornia State Lniversity 25
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Navier-Stokes Equations lI

¢ Once new values of u, v, and w are
known update ag, a, etc. iterate again

» Consider steady-state flows now and
transient flows later

» Some transient methods can use
nonlinear terms at old time step to get
new values for ag, ay, etc.

» For steady flows the iterations on the
nonlinear terms becomes part of the
.overall iteration process

Northridge »

Finding Pressure and Density

* For compressible flows we solve
continuity and momentum for density, u,
v, and w
— Get pressure from equation of state (e.g., p

= pRT) for compressible flows

» For incompressible flows find u, v, w,
and p to satisfy three momentum
equations and continuity
— Density is an input parameter or depends

on variables other than local pressure

Cabtfornia State |':II|1Y-'.- 27
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Incompressible Flows

* Mach number is low (< ~0.3)

 Density (e.g., p = p/RT) may depend on
mean, but not local pressure

» Can have equations like p = po( 1 + BT)
for where B = —(1/p)(0p/0T)p

» Density may be constant, but need not
be for incompressible flows
— Furnace flows a good example of this

» Basic idea is that density does not
depend on local pressure

Cabtfornia State |':II|1Y-'.- 28
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Navier-Stokes Problems

» Compressible flows

— Solve continuity and momentum for three
velocity components and density

— Get pressure from equation of state
* Incompressible flows
— Mach number is low

— Density is a problem input, often related to
temperature (may or may not be constant)

— Solve continuity and momentum for three
velocity components and pressure

Caldforrsi Sate University 29
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The Steady 2D Problem

ME 692 — Computational Fluid Dynamics

» Continuity and momentun equations
— Have x and y direction convection-diffusion

— Now have source term and pressure
gradient

a[:)7u+M:0
OX oy
MJ’_M:_@P_FE @+£“67U+S(u)

x oy ox o ox oyt oy
apuv+apvv:_@+a“av+gu@ s
OX oy oy oOx Ox oy oy

Calbiforni State University
Northridge
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The Problem with Pressure

» Consider the x momentum equation for
the u velocity component at point P
50 100 50 100 50

1 1 I 1
WW ww W w P e E ee EE
» Second-order expression dp|  pg - py

for pressure gradientat P ox|,  28x
» With this expression the velocity at P is
not affected by the pressure at P

— Also a checkerboard pattern of pressure

cmasWQUID cOmpute as zero pressure gradient
Northridge

The Staggered Grid

» Problem with pressure was first recog-
nized by Harlow and Welch in 1965

* Their solution, commonly adapted for
CFD until the 1990s: the staggered grid

* If the pressure p; is the pressure at (x;,
y;) then u; is value at (x; — 6x/2, y;) and v;
is value at (x;, y; — dy/2)

» Colocated variables now used, but texts
still introduce staggered grid

Calfornia State Lniversity 32
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Staggered Grid |l

A
|
! N
-t N\WO® - ® - 0 - oP,
nw ne )
? i locations
w P E —_—
° wl °
® > @ location
of u
4 4
I sw se |
Tlocation
- e - ® S —>» o5 — ofv
Nnrtlll‘i(lge | ?

Staggered Grid Il

* What is i,j notation for staggered grid?

* Cancontinuetouse N, S, E, W, n, s, e,
w, ne, nw, se, sw, etc.

* For numbering in finite-volume formulas
can use i,j as p coordinate, i+1/2,j as u
coordinate and i,j+1/2 as v coordinate

» Text uses 1,J and i,j coordinate scheme
=X =X —oxandy;=y,—dy
— p, other ¢ values and properties (p, I') at I1J

wmMelocity locations u;y and v

0 34
Northridge

] ) 1
_______________________ y |+
! : P{]-ﬂ : i 341
Vi Misn °P ¢
{ | -=-r==Y locations
1
1 1
Ay| ouj ! Uir1|
—_
P_lt;___""_ﬁl‘ _____ - 9Pia3 % location
1 b ' of u
1
.
P ] ! Tlocation
| ) . i ' of v
———u:l-'>—-)-— ..__A_X___’u - Y1
o -pI:J—l r+ﬂl,r1-
ovilrlge .

Finite Volume Equations

» Extend previous results for one
dimension to two dimensions
» Can use any of the difference methods
discussed for convection and diffusion
— Have four faces, n, e, s, w, in 2D
— Apply same relations to get coefficients ay,
as, ag, and ay, using F = pu and D =T/3 for
each face
— As before ap = (ay + ag + ag + a, + AF)
« Here AF = (F,— F,) + (F. — F,)

Caldforrsi Sate University 36
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Finite Volume Equations Il

* Integration of pressure terms
0 - P
[.[ pdVJ ~ P =P (X1 =X1_1)A;
AV . X| =X
=(pyy - pl—lJSAiJ =(piy = P11y )(Yj+1 —Yj)AZ

0 - Pr3-
j Py | ~Pu"Pua L(y; = ya)A
Y R A A8

=(p1y = Puy—1)A; = (P1g = 1o Xt — X )Az

Calfornia State Lniversity 37
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Finite Volume Equations ll|

» Have similar equations for u and v
* b represents integrated source term

* Note that a, coefficients vary from node
to node and are different for u and v

anUjg4 HasUjy g +agUj gy +aywliy —apljy

_ (u)
a(NUSUiJH = (Pig = Piz1a JAG +1i)
anVij+1 tasVigp HagVj FawVioj —apVj
) = (i = piia Ay +b(Y)
aN”VIj+1 = plj plj—l A|J+b|j
Northridge %

Control Volume for u (e face)

Control Volume for u (w face)

— [ ]
U o Pua -
equations for

1
1
1
________ 1_"_1-_11:1_ I 1_'J_+E ———-  wfaceatl-1J
1 1 E - FI—]J + FIJ
B b 2
P":lJ P"rJ Hin1d ) P23 +PI-13
f bl e
:V"lj :Vli NERLTTRN
Uy o 2 )
iJ-1 P
: W-1 D, = Tio1g
i Xi = Xj_
Northridge

1 — P
u.
| v i1 equations for
________ 1__'-_11:1_____1_'1:}____ efaceatl)
! ! r_hathRy
e L K
P":” Piy u””l [Pu P |,
_________ t---------f-------z ) i+1J
VI Vi +(pl—1.] +Pu ju_ }
1 1 2 iJ
Uoa—  p? T,
| 31 D, = e
Calsfornia Spate Lnersity XI+1 - ggl
Northridge
Control Volume for u (n face)
1 — [ ] P
u.
| v L equations for
________ 1_ _l-_11_+1_____1_“_+5_ --- nfaceaty;,
| : F o Fijg+Fiaja
e e o, 2
u.
P":” Pl Wiy [PIJ +P|J+1)V +
, 2| PP,
_________ t---------t—----'z 2 1j+1
V.. _ i
o Vi P11y +PI-1J+1 )
! ! —— Mj#
Uiy —> ¢ 2 i
o Py
1
g AN ga +Tga + T
Northridge " Ayya=yy) "

Control Volume for u (s face)
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] — =)
u.
| v Lo equations for
________ 1_ _l-_lJ:fl_____T_'J_J'E____ n face aty,.,
: : F- F” + F|,1j _
e e oy 2
Pns Py Y
i W L (PP
1 — Vlj +
_________ t---------r------z 2
v . -
o :V'l (pl—lJ P13 jvl 1
1 2 B
u, J
i 31> Plt-l
D a4 D g ATy ATy
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Where to Next

» Have similar equations to give various F
and D terms for v control volume

+ Get finite volume representation of
continuity by integration over control
volume centered about p,; s

+ Substitute finite difference momentum
equations into finite difference continuity
equation to get finite difference equation
for pressure

¢..Develop solution procedure for u, v, p
Northridge “
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